The aim of the present study is to investigate the combined effects of the thermal radiation, viscous dissipation, suction/injection and internal heat generation/absorption on the boundary layer flow of a non-Newtonian power law fluid over a semi infinite permeable flat plate moving in parallel or reversely to a free stream. The resulting system of partial differential equations (PDEs) is first transformed into a system of coupled nonlinear ordinary differential equations (ODEs) which are then solved numerically by using the shooting technique. It is found that the dual solutions exist when the flat plate and the free stream move in the opposite directions. Dimensionless boundary layer velocity and temperature distributions are plotted and discussed for various values of the emerging physical parameters. Finally, the tables of the relevant boundary derivatives are presented for some values of the governing physical parameters.
Introduction
The pioneering work on the boundary layer flow of a viscous incompressible fluid over a stationary flat plate with uniform fluid velocity was due to Blasius [1] in 1908. Following this, many authors [2] [3] [4] [5] [6] investigated the Blasius flow problem by considering various flow situations and boundary conditions. Different from the Blasius flow problem, the problem of boundary layer flow and heat transfer over a continuous flat plate moving in parallel or reversely to the free stream was discussed by a number of researchers [7] [8] [9] [10] and reported that the dual solutions exist in the case when the plate and the free stream move in the opposite directions. The mathematical analysis of the dual solutions of the boundary layer flow over the moving surfaces has a practical impact in the engineering scenario. It gives the possibility to determine the most realistic, stable and physically acceptable solutions. Weidman et al. [11] established that the upper branch or the first solution is stable and physically more meaningful than the lower branch or the second solution, which nevertheless highlights some interesting mathematical features of the differential equations.
Instead of considering the plate velocity U w and the free stream velocity U ∞ separately [12, 13] , Afzal et al. [14] obtained a single set of boundary conditions by employing the idea of composite velocity U = U w + U ∞ , irrespective of whether U w > U ∞ or U w < U ∞ . They have thus given a formulation which eliminates the need of considering U w or U ∞ as a reference velocity in a flow problem. Moreover, the Blasius and Sakiadis flow problems can be recovered as a special case when U w = 0 and U ∞ = 0, respectively.
The study of non-Newtonian fluids has gained considerable importance over the years due to their increasing industrial and technological demands. One such non-Newtonian fluid model is the Ostwald-de Waele or the power law model which is commonly used to predict the dynamics of shear thinning and shear thickening fluids and can reproduce the results for the Newtonian fluid case as well. Such fluids are widely encountered in engineering and industry in the form of polymers, paints, suspensions, rubber and bio-fluids. Schowalter [15] first studied the boundary layer flow of the non-Newtonian power law fluid and established the condition for the existence of similarity solution. Later on, Mahmoud [16] and Kannan et al. [17] investigated the boundary layer flow and heat transfer of the power law fluid over a moving flat plate but only for the case when the flat plate and the ambient fluid move in the same direction. Deswita et al. [18] reported the dual solutions for the power law fluid flow with suction and injection effects and neglected the heat transfer effects. Apart from these studies, power law fluid modeling under different flow situations can be found in the litearture [19] [20] [21] and the references therein.
Thermal radiation can be used to achieve the desired heat transfer rate along with the temperature distribution in the boundary layer region. This phenomenon has many applications in engineering such as power generation systems, nuclear reactors and liquid metal fluids to name a few. Bataller [22] studied the Blasius flow problem in the presence of thermal radiation and reported that as the thermal radiation parameter increases, a diminution in the thermal radiation's effect occurs. The Sakiadis flow problem for the Newtonian fluid case with the linearized Rosseland approximation for the thermal radiation was investigated numerically by Cortell [23] . Recently, Pantokratoras et al. [24, 25] extended the work of Bataller and Cortell by taking into account the nonlinear approximation of the thermal radiation. These studies were confined to the situation when either the flat plate was stationary or the surface and the free stream move in the same direction. Ishak [26] generalized this idea and studied the radiation effect on the flow and heat transfer over a flat surface by considering the case in which the flat plate and the free stream move in the same as well as opposite directions thus giving the dual solutions of the boundary layer velocity and temperature profiles.
Viscous dissipation generates an appreciable amount of temperature in a system and gives the rate at which the mechanical energy is transformed into the heat energy in a viscous fluid per unit volume. This phenomenon plays an important role in natural convection in various devices which are subjected to very low temperature, high gravitational field or that operate at high rotational speed [27] . It is important to note that the viscous dissipation effect becomes significant for fluids with high values of the dynamic viscosity. Kishan and Reddy [28] investigated the magnetohydrodynamics (MHD) effect on the power-law fluid past a continuously moving porous flat plate in the presence of viscous dissipation, heat flux and suction/injection. Cookey et al. [29] discussed the effect of viscous dissipation and thermal radiation on the unsteady MHD free convection flow over an infinite heated vertical plate in a porous medium with time dependent suction. Motivated by the above mentioned studies and by following the work of Ishak [26] , the aim of the present investigation is to carry out numerical computations to give dual solutions for the steady, two dimensional laminar boundary layer flow of a power law fluid over a permeable semi infinite moving flat plate with combined effects of the thermal radiation, viscous dissipation, prescribed surface temperature and internal heat generation or absorption. This study differentiates from the previous related studies in the sense that we employ here the idea of composite velocity introduced by Afzal et al. [14] and give dual solutions of the boundary layer velocity and temperature distributions. To the best of our knowledge, this case is not already reported in the literature. This article is organized as follows: In Section 2, we present the mathematical formulation of the problem. Section 3 contains the numerical procedure for solving the governing system of differential equations. Section 4 deals with the results and discussion followed by the dual solutions in Section 5. Finally, the conclusions are furnished in Section 6.
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Flow Analysis
To develop the model, we consider the steady, forced convective laminar boundary layer flow over a permeable semi infinite flat plate moving with constant velocity U w in the same or opposite to the direction of the free stream velocity U ∞ . We place the fluid in a two dimensional environment where x-axis is taken parallel to the surface, while y-axis extends upwards, normal to the surface as shown in Figure 1 . The fluid behavior is described by the power law model for which the shear stress τ is defined as [20, 30] 
where µ is the consistency index for non-Newtonian viscosity and n is the power law index which subdivides fluids into Newtonian (n = 1), shear thinning (n < 1) and shear thickening (n > 1). Keeping in view Equation (1), we invoke the conservation of mass, momentum and energy to describe the fluid flow and heat transfer in the boundary layer by the following set of partial differential equations (PDEs) [16, 30] ∂u ∂x
where u and v are the velocity components in the x and y directions, respectively, ρ the fluid density, T the fluid temperature, κ the thermal conductivity, c p the specific heat capacity of the participating fluid at constant pressure, q r the radiative heat flux, Q 0 the heat generation or absorption coefficient, T ∞ the free stream temperature. Equations (2)- (4) are subjected to the following boundary conditions:
where T w = T ∞ + Ax r is the prescribed surface temperature in which r is the power law exponent and A is a constant [31] . Note that r > 0 represents the case when the surface temperature varies directly with r while r < 0 means the surface temperature varies inversely with the exponent r. T ∞ is the free stream temperature which is assumed to be constant with T w > T ∞ . Moreover, V w is the velocity of the suction (V w < 0) or injection (V w > 0) and U = U w + U ∞ is defined to be the composite velocity [14] R E T R A
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in which U w is the plate and U ∞ is the free stream velocity. Employing the Rosseland approximation for radiation [26] , we write
where σ is the Stefan-Boltzman constant and κ * is the mean absorption co-efficient. Using Equation (7) into (4), we get
We now introduce a stream function ψ = ψ(x, y) and write the velocity components u and v as
Using these velocity components in Equations (3) and (8), we obtain ∂ψ ∂y
Note that the continuity Equation (2) is satisfied identically by virtue of Equation (9). Boundary conditions (5) and (6) can be written in view of (9) as
We use the following non-dimensional variables [16] 
to reduce the PDEs (10) and (11) to the corresponding ODEs as
where prime denotes the derivative with respect to the similarity variable η, ν = µ ρ represents the kinematic viscosity, f is the dimensionless stream function, θ the dimensionless temperature, Pr the generalized Prandtl number, R the radiation parameter, Ec the Eckert number, γ the local heat generation (γ > 0) or absorption (γ < 0) parameter and r the power law surface temperature exponent, which are further defined as [16, 26] 
Note that in equation (16), 1 R → 0 implies that the thermal radiation effect is negligible. By using the relations for η and ψ given by Equation (14) , velocity components u and v in Equation (9) can be written as (18) and the mass transfer velocity V w takes the form
Finally, the boundary conditions (12) and (13) are transformed to
where = U w U is the plate velocity ratio parameter, S = f (0) is the local suction or injection parameter with suction if S > 0, injection if S < 0 and impermeable plate when S = 0. We term the flow situation as assisting or aiding flow when the flat plate and the power law fluid move in the same direction (i.e., 0 < < 1) and opposing flow in the case when they move in the opposite directions (i.e., < 0 or > 1). The quantities of practical interest are the skin friction coefficient C f and the local Nusselt number Nu x , which are defined as
where the surface shear stress τ w and the surface heat flux q w are given by
In terms of the non-dimensional quantities, we can write the last two equations as
where
is the local generalized Reynolds number [16] .
Numerical Procedure
In this section, we briefly outline the shooting method in the context of the problem under consideration. In particular, we use this method to solve the nonlinear two point boundary value problem (15)- (16) and (20)- (21). This requires the conversion of the governing boundary value problem to the corresponding initial value problem. For this we set
along with the boundary conditions
In order to apply the shooting method, we need to choose a suitable finite value of the right end of the domain, say η ∞ in place of ∞, and carry out numerical computations so that the far field boundary conditions f (η ∞ ) = 1 − and θ(η ∞ ) = 0 are asymptotically satisfied. In this study, we choose η ∞ = 18 which suffices to achieve the accuracy up to 10 −6 . Moreover, the shooting method requires initial guesses for f (0) and θ (0) i.e., q(0) and z(0) respectively, and through the Newton method, we modify each guess until we arrive at an appropriate solution of the problem under consideration [32] . For the verification of these solutions, we compare our results as a special case with the existing literature [26] and find the results to be in an excellent agreement.
Results and Discussion
In this section, we first present a table for the skin friction coefficient [ f (0)] n for the power law fluid for various values of the governing parameters and then furnish a comparison table for the local Nusselt number −θ (0) with the existing literature followed by the discussion on the graphs of the boundary layer velocity and temperature to highlight the effects of various emerging physical parameters. Table 1 presents the numerical values of the skin friction coefficient [ f (0)] n for the power law fluid for different values of the suction/injection parameter S and the velocity ratio parameter . It can be seen that the skin friction at the surface wall decrease as the power law index n, the suction/injection parameter S and the velocity ratio parameter , increase. Moreover, due to less viscosity and rapid motion of shear thinning fluids at the surface wall, shear thinning fluids experience greater skin friction at the wall as compared to shear thickening fluids. When the free stream velocity is twice the plate velocity then the skin friction at the flat plate is zero whereas when both the free stream and the plate velocities are the same, the skin friction is negative. In Table 2 , we present a comparison of the numerical values of the local Nusselt number −θ (0) with the results of Ishak [26] for the Newtonian fluid case and in the absence of suction/injection, heat generation/absorption and viscous dissipation. An excellent agreement is observed for the upper as well as lower branch solutions. Figure 2 presents the effect of the velocity ratio parameter and the power law index n on the non-dimensional boundary layer velocity f (η) for a fixed value of the suction parameter S. It is observed from this graph that near the flat plate fluid velocity increases by increasing the velocity ratio parameter for both Newtonian and non-Newtonian fluids whereas opposite trend is noted for larger values of η. In the boundary layer region due to the decreased velocity gradient at the wall, the participating fluid experiences less resistance which results in an increase of the fluid velocity in this region. On the other hand, for a fixed value of , it is found that the fluid velocity increases by increasing the power law index n for the large distance from the flat plate. In particular, when the parameter is non-negative, shear thinning fluids exhibit greater fluid velocity near the flat plate in comparison to shear thickening fluids whereas, for positive , fluid velocity is increased for shear thickening fluids. Moreover, steady-state is achieved earlier for the shear thickening fluids in comparison to the shear R E T R A C T E D thinning fluids. Influence of the suction/injection parameter S on the power law fluid velocity f (η) for a positive value of the velocity ratio parameter is presented in Figure 3 . It is found from this graph that the power law fluid velocity increases by increasing the suction/injection parameter for a given distance from the flat plate. By sucking the particles of the fluid adjacent to the porous flat plate, velocity boundary layer decreases and consequently the power law fluid velocity increases. It can also be seen that for various values of the parameters n and S, the far field boundary condition is reached asymptotically ( i.e., the velocity gradient at large distance from the flat plate is zero). In Figure 4 , we present the effect of the suction/injection parameter S on the power law fluid temperature θ(η) for fixed values of the other parameters. It is evident from this graph that as the parameter S increases, the power law fluid temperature decreases for a given distance from the permeable flat plate. This effect is consistent with a number of previous studies where a non-Newtonian power law fluid model was considered [16, 17] . In fact, suction brings the fluid closer to the surface causing an increase in the heat transfer rate which reduces the thermal boundary layer thickness and hence the power law fluid temperature decreases by increasing the parameter S. Indeed, larger suction leads to faster cooling of the plate, and this phenomenon plays an important role in many engineering applications. This graph also explains that the fluid temperature θ(η) increases by increasing the power law index n for a fixed value of the parameter S. An increase in the value of the power law index n means that the fluid is more viscous, and due to the high viscosity, the fluid temperature drops off slowly. The effect of varying the radiation parameter R on the power law fluid temperature θ(η) for the plate ratio parameter = 0.3 and Prandtl number Pr = 0.7, is depicted in Figure 5 . Increasing the value of the radiation parameter R means, the release of more heat energy from the flow region, which results in a decrease in the power law fluid temperature θ(η) for a given distance from the moving plate which is shown in Figure 5 . Effect of the power law index n on the fluid temperature is more prominent for low values of the radiation parameter. On the other hand, for very large values of the radiation parameter, no significant difference in the temperature for both the Newtonian and the non-Newtonian fluids is observed. Influence of the Eckert number Ec (which expresses the relationship between the kinetic energy and enthalpy difference characterizes the heat dissipation in the system) and heat generation/absorption parameter γ on dimensionless power law fluid temperature θ(η) in the boundary layer region is illustrated in Figures 6 and 7 , respectively, for the case when the flat plate and the free stream move in the same direction. It is evident from Figure 6 that the fluid temperature increases as the Eckert number increases for a given distance from the plate. This is because of the fact that an increase in the Eckert number leads to the cooling of the plate which in turn transfers the heat to the fluid and thus the fluid temperature rises in the boundary layer region. It can also be observed from this graph that the effect of the Eckert number is more profound in shear thinning fluids as compared to the shear thickening fluids. From Figure 7 , we observe that the dimensionless power law fluid temperature θ(η) increases by increasing the heat generation/absorption parameter γ for a positive value of the velocity ratio parameter . Effect of the power law index n is more prominent in case of the heat generation (γ > 0) than the heat absorption (γ < 0). Moreover, in the case of heat generation, maximum value of the fluid temperature occurs at the fluid layer adjacent to the plate for both the Newtonian as well as non-Newtonian fluids. The thermal boundary layer thickness and hence the fluid temperature decreases in case of the heat absorption whereas an opposite trend is noted for the heat generation case.
Figures 8 and 9 display the effect of the power law surface temperature parameter r on the fluid temperature θ(η) in the boundary layer region when the flat surface moves in parallel (i.e., > 0) or reversely (i.e., < 0) to the free stream. Both graphs show that the temperature for the Newtonian (n = 1) as well as the non-Newtonian (n = 1) fluids decreases as the parameter r increases for a given distance from the flat surface. Moreover, the thermal boundary layer thickness for the assisting flow (i.e., > 0) is greater than the opposing flow (i.e., < 0) situation for the power law fluid. It can also be noted from these graphs that the temperature rise is higher in the case of the opposing flow as compared to the assisting flow. Effect of the power law index is more profound for positive values of the prescribed surface temperature parameter r in both graphs. Although, we presented here a single solution of the power law fluid temperature for the situation when the plate and the free stream move in opposite directions (i.e., when < 0), nevertheless, dual solutions exist in this case and will be discussed in the next section. Figure 10 illustrates the effect of varying the Prandtl number Pr (which is the ratio of momentum diffusivity to thermal diffusivity) on the temperature distribution in the boundary layer for the case when the velocity ratio parameter > 0. It is found that the fluid temperature decreases for both the Newtonian and non-Newtonian fluids as the Prandtl number increases. Physically, this corresponds to the situation where the thermal boundary layer thickness is reduced due to an increase in the parameter Pr. In addition, effect of the power law index n is more dominating for larger Prandtl number values as compared to the lower values. In Figure 11 , the rate of heat transfer or the local Nusselt number −θ (0)
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is plotted against the radiation parameter R for various values of the Prandtl number Pr and power law index n. This graph highlights three key points of the present research. Firstly, for a fixed Prandtl number and power law index, it is noticed that the rate of heat transfer increases as the radiation parameter increases for a given distance from the flat plate. Secondly, heat transfer rate increases with the increasing values of the Prandtl number. This is because of the fact that higher Prandtl number reduces the thermal boundary layer thickness which in turn decreases the fluid temperature, and then the heat can diffuse faster from the plate to the fluid. Thirdly, due to less viscosity of the shear thinning fluids, heat energy can be transported to the neighboring fluid particles easily, and hence the rate of heat transfer is higher in the shear thinning fluids than the shear thickening fluids. Moreover, effect of the power law index on the local Nusselt number is more dominating for the higher Prandtl numbers. 
Dual Solutions
In this section, we present the dual solutions of the boundary layer velocity and temperature profiles by means of the graphs for various values of the governing physical parameters for the opposing flow situation in which the plate and the power law fluid move in the opposite directions. By the dual solutions of a boundary value problem, we mean two different solutions that are obtained under the same conditions by assuming different values of the missing initial conditions. Such solutions despite being graphically different are physically acceptable and satisfy the prescribed boundary conditions. Of the two solutions, one is termed as the first or upper branch solution while the other is R E T R A C T E D called the second or the lower branch solution of the boundary value problem. From physical point of view, it is important to know that which solution is physically relevant. Unlike the second solution, we expect that the first solution is physically stable and frequently occurs in practice [8, 10, 11, 26] . Based on our numerical computations, we notice that the dual solutions exists for < 0 and unique solution exist when ≥ 0. In this study, we consider the case when ≤ 1. Note that = 0 implies U w = 0 (stationary plate) and = 1 means U ∞ = 0 (in the absence of porosity). In the opposing flow scenario, when the plate and the fluid move in opposite directions there exist some critical values denoted by c of the velocity ratio parameter beyond which the boundary layer breaks down and no solution exists.
Figures 12 and 13 present the dual solutions of the fluid velocity f (η) and the temperature θ(η) for the suction/injection parameter S in case of the opposing flow situation, respectively. As the parameter S increases, the fluid velocity increases monotonically for the upper branch solution whilst a reverse behavior is observed for the lower branch solution as shown in Figure 12 . Boundary layer thickness for the lower branch solution is found larger than the upper branch solution. It can be also be seen that the right boundary condition is reached asymptotically in both cases and the effect of the parameter S is more profound for the lower branch solution as compared to the upper one. In Figure 13 , the fluid temperature is found to decrease with the increasing suction/injection parameter S for the upper branch solution whereas it increases for the lower branch solution. Moreover, the lower branch solution exhibits larger thermal boundary layer thickness than the upper branch solution. Finally, the dual nature of the fluid temperature θ(η) for the Eckert number Ec and the heat generation/absorption parameter γ is presented in Figures 14 and 15 , respectively when the other R E T R A C T E D parameters are held constant. Interestingly, the fluid temperature increases by increasing the Eckert number as well as the heat generation/absorption parameter for the lower and upper branch solution for a given distance from the flat surface. As observed earlier, the thermal boundary layer thickness is higher for the lower branch solution in comparison to the upper branch solution. This fact supports the argument that the upper branch solutions are stable and physically relevant as compared to the lower branch solutions. 
Conclusions
We have analyzed the steady state, two-dimensional, boundary layer flow of a power law fluid over a porous moving flat plate in the presence of the thermal radiation, viscous dissipation and internal heat generation or absorption. The governing system of PDEs is transformed to the corresponding system of coupled nonlinear ODEs and subsequently solved using the shooting technique. We discussed the graphs of the nondimensional velocity and temperature profiles for various values of the system parameters along with tables of the relevant boundary derivatives. At the end, we present a summary of our results:
1. Fluid velocity and temperature increase by increasing the power law index. 2. Skin friction at the surface wall decreases by increasing the power law index, suction/injection and velocity ratio parameter. 3. Rate of heat transfer increases by increasing the Prandtl number and the radiation parameter whilst an opposite behavior is observed for the power law index. 4. Power law fluid velocity increases with the suction parameter for the upper branch solution while a reverse effect is noted in case of the lower branch solution. Moreover, an opposite trend of the fluid velocity is seen for the power law fluid temperature with the suction parameter.
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5. Power law fluid temperature increases by increasing the Eckert number and the heat generation/absorption parameter for the upper as well as the lower branch solution with more dominating effect in case of the lower branch solution. 6. Fluid temperature decreases for the Newtonian as well as the non-Newtonian fluids by increasing the power law surface temperature parameter for the assisting and opposing flow situations.
The basic features of this model may be incorporated in further studies for different flow situations in complex media. We anticipate that incorporation of additional features such as multidimensional flow, magnetohydrodynamics and slip effects may be considered as a future direction. In addition to this further theoretical and experimental studies may be motivated by our work.
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